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In this paper we investigate the global asymptotic stability of the recursive
Ž . Ž .sequence x    x   x , n 0, 1, . . . , where  ,  ,  0. Wen1 n n1
show that the unique positive equilibrium point of the equation is a global attractor
with a basin that depends on the conditions posed on the coefficients.  2001
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1. INTRODUCTION
The asymptotic stability of the rational recursive sequence
  xn
x  , n 0, 1, . . . 1.1Ž .n1 kÝ  xi1 i ni
was investigated when the coefficients  ,  ,  , and  are non-negativei
Ž    .see Kocic et al. 5 , and Kocic and Ladas 24 . Studying the asymptotic
Ž .behaviour of the rational sequence 1.1 when some of the coefficients are
 negative was suggested by Kocic and Ladas in 3 . Our aim in this paper is
to study the asymptotic stability of the rational recursive sequence
  xn
x  , n 0, 1, . . . , 1.2Ž .n1  xn1
where  ,  , and  are non-negative and the initial conditions x and x1 0
Ž .are arbitrary. An interesting Lyness-type special case of the above
 mentioned equation was investigated in 1 . For the terminology used here,
  Ž  .we refer the reader to 3 see also 1 .
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In this paper we prove, under certain conditions on the coefficients  ,
Ž . , and  , that the positive or zero for  0 equilibrium point of
Ž .Eq. 1.2 is a global attractor with a basin that depends on the conditions
posed on the coefficients.
Ž . Ž .2. THE RECURSIVE SEQUENCE x    x   xn1 n n1
In this section we study the asymptotic stability of the difference
equation
  xn
x  , n 0, 1, . . . , 2.1Ž .n1  xn1
where
 ,  ,  0 and   . 2.2Ž .
Ž .Equation 2.1 has two equilibrium points
2'       4Ž . Ž .
x  , i 1, 2.i 2
The linearized stability analysis shows that the positive equilibrium is
asymptotically stable, while the negative is unstable.
We need the following lemma in proving the main result.
Ž .  4LEMMA 2.1. Assume that condition 2.2 holds. Let x be a solution ofn
Ž .  .  Eq. 2.1 . If x 	 0, , x 	 0,  for some m1, thenm m1
C
 x 
D ,  i 3,m i
where
   Ž .
C and D . 2.3Ž .
   Ž .
Proof. We can see that 0
 x 
  . Thenm2
  
C 
 x 
 D.m3  
The result follows by induction.
Assume that there exists k 2 such that the following conditions hold
 k and  k 2 . 2.4Ž .
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Ž .Our aim is to prove, under conditions 2.4 , that x is a global attractor1
with a basin
S  ,.
2
  k 1  ,  M , M 2k .Ž . 
Ž .M k1 
Ž .  4LEMMA 2.2. Assume that conditions 2.4 hold for some k 2. Let xn
Ž .be a solution of Eq. 2.1
Ž .  Ž . i If x , x 	  k 1  ,  for some m1, thenm m1
 x 	 0,   i 2.m i
Ž .  Ž . .  Ž . ii If x 	  k 1  , and x 	  k 1  , m m1
for some m1, then
 x 	 0,   i 2.m i
Ž .  Ž . .iii If x , x 	  k 1  , for some m1 such thatm m1
 x  x  2k , thenm m1
 x 	 0,   i 3.m i
Ž .  Ž . Proof. i Assume that x , x 	  k 1  ,  for somem m1
Ž .  m1. From 2.4 , we can see that x 	 0,  . Hencem2
0
   x 
 m2
and
1 1 

 
 .
   x m1
This implies that
 
0
 x 
 
 
 .m3 k 
 Therefore by Lemma 2.1, x 	 0,   i 2.m i
Ž .  Ž . .  Žii Assume that x 	  k 1  , and x 	  km m1
. 1  ,  for some m1. Then 0
   x 
 k . By condi-m1
Ž .tions 2.4 ,  x  . This implies that 0
 x 
 k. Then bym m2
Ž . Ž .2.4 , 0
 x 
 . We use i to obtain thatm2
 x 	 0,   i 2.m i
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Ž .  Ž . .iii Assume that x , x 	  k 1  , for some m1m m1
 such that x  x 
 2k. We havem m1

x   , i 0, 1m i 
and
 x     k 1 
   x 
 k .Ž . Ž .m m1
If   x  0, thenm1
0
 x 
  .m2
If   x  0, thenm1
 x  0.m2
Ž .In both cases ii yields 0
 x 
   i 3.m i
Ž .THEOREM 2.1. If there exists k 2 such that conditions 2.4 hold, then
Ž .the positie equilibrium point x of Eq. 2.1 is a global attractor with a basin1
S  k 1  ,Ž . .
2
  k 1  ,  M , M 2k .Ž . 
Ž .M k1 
 4 Ž .Proof. Let x be a solution of Eq. 2.1 with initial conditionsn
Ž .  x , x 	 S. Then by Lemma 2.2, x 	 0,  m 2. By Lemma1 0 m
2.1
 x 	 C , D m 4,m
Ž .where C and D are defined in 2.3 . Set
 lim inf x and  lim sup x .n n
n n
Ž . 4Let 	 0 be such that 	min  ,  . There exists n 	 such0
that
 	 x  	 n n .n 0
Hence
   	    	Ž . Ž .
 x  n n  1.n1 0 	   	
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Then we get the inequality
   	    	Ž . Ž .

 

 .
 	   	
This inequality yields
   

 

 ,
  
which implies that
  
 
    .
Therefore 
 . Hence   x .1
The next lemma presents a detailed description of the semicycles of any
 4 Ž .  solution x of Eq. 2.1 about x with initial conditions x , x 	 0, n 1 1 0
and establishes the strict oscillation of such solutions.
 LEMMA 2.3. Assume that the initial conditions x , x 	 0,  . If1 0
they are not both equal to x , then the following statements are true1
Ž .  41 x cannot hae two consecutie terms equal to x .n 1
Ž .  42 Eery semicycle of x has at most two terms.n
Ž .  43 x is strictly oscillatory.n
Ž .Proof. 1 If x  x  x for some l	, then x  x . So thel l1 1 l1 1
assumption x  x implies that x  x  


  x  x  xl l1 l1 l2 0 1 1
which is impossible.
Ž .2 Assume that a semicycle C starts with two terms x , x . Whenl1 l
C is negative, then 0
 x , x  x whence x  x . Now suppose thatl1 l 1 l1 1
C is positive. We have either x  x and x  x or x  x andl1 1 l 1 l1 1
x  x . In both cases x  x .l 1 l1 1
Ž . Ž . Ž .  43 From 2 and 1 , we get that x is strictly oscillatory.n
Ž .Now we give an example showing that condition 2.2 is necessary for the
Ž .global attractivity of Eq. 2.1 .
EXAMPLE 2.1. Consider the difference equation
1 2 xn
x  , n 0, 1, . . . .n1 1 xn1
We can see that the solution of this equation with initial conditions
x  x  1 is periodic with period 8.1 0
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Ž . Ž .3. THE RECURSIVE SEQUENCE x   x   xn1 n n1
In this section we study the asymptotic stability for the difference
equation
 xn
x  , n 0, 1, . . . , 3.1Ž .n1  xn1
where  ,  0.
Ž .By putting x   y Eq. 3.1 yieldsn n
y y  A y , n 0, 1, . . . , 3.2Ž . Ž .n1 n n1
Ž .where A . Equation 3.2 has two equilibria y  0 and y 1 2
Ž . 1 A .
Ž .The linearized equation associated with 3.2 about y , i 1, 2, isi
1
z  z  y z  0, i 1, 2, n 0, 1, . . . . 3.3Ž .n1 n i n1A yi
Ž .The characteristic equation of 3.3 about y is2
2   1 A 0.
From this, it follows that y is repelling.2
Ž .The characteristic equation of 3.3 about y is1
1
2   0.
A
This equation has two roots
1
  0 and   .1 2 A
Therefore
Ž .1 If   then y is asymptotically stable.1
Ž .2 If   then y is a saddle point.1
Ž .3 If   then the linearized stability analysis fails.
Ž . Ž .We note that if the initial conditions x , x  p  , p , then the1 0 
Ž .solution of Eq. 3.1 does not exist for any p	, p 0.
In the following results we assume that A 2.
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   LEMMA 3.1. Assume that the initial alues y 	 0, 1 and y 	 1, 1 .1 0
 4  4Then y is monotonically increasing to zero while y is monotonically2 n 2 n1
decreasing to zero.
Ž .    Proof. a Suppose that y 	 1, 0 , y 	 0, 1 . Clearly 0
 y 
 10 1 1
and 1
 y 
 0. By induction we can see that 1
 y 
 0 and 0
2 2 n
y 
 1, n 0, 1, . . . . Since2 n1
y2 n  A y A y  1,Ž . Ž .2 n 2 n1y2Ž n1.
then
y  y , n 0, 1, . . . .2 n 2Žn1.
Similarly we can see that y  y , n 0, 1, . . . , and the result2 n1 2Žn1.1
follows.
Ž .    b Now, if y 	 0, 1 , y 	 0, 1 , then0 1
1 y 
 0.1
Ž .The result directly follows from a .
 LEMMA 3.2. Assume that the initial alues y 	 1, 1 and y 	0 1
   4  41, 0 . Then y is monotonically decreasing to zero, and y is2 n 2 n1
monotonically increasing to zero.
Proof. The proof is similar to that of Lemma 3.1 and will be omitted.
Ž .COROLLARY 3.1. The equilibrium point y  0 of Eq. 3.2 is a global1
attractor with a basin
2 S 1, 1 .
Ž .THEOREM 3.1. The equilibrium point y  0 of Eq. 3.2 is a global1
attractor with a basin
2 S M , M A .
M0
 Proof. Assume that y , y 	 S. Then y  y 
A. We have1 0 0 1
A y  A , i 0, 1i
and
0
 y 
 A y .0 1
Clearly 1
 y 
 0 and so 0
 y 
 1. The result now follows from1 2
Corollary 3.1.
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